In this paper, we define a new concepts which are semicentral idempotents and reducibility in near-rings and give some examples.
Introduction
Throughout this paper, a near-ring R will be fixed as a right version. If R has a unity 1, then R is called unital. A near-ring R with the extra axiom a0 = 0 for all a ∈ R is said to be zero symmetric. An element d in R is called distributive if d(a + b) = da + db for all a and b in R.
Mason [1] introduced the notions of left and right regularities in near-rings and characterized left regular zero-symmetric unital near-rings.
We will use the following notations: Given a near-ring R, R 0 = {a ∈ R | a0 = 0} which is called the zero symmetric part of R, R c = {a ∈ R | a0 = a} which is called the constant part of R. The set of all distributive elements in R is denoted by R d .
For other notations and basic results, we shall refer to Pilz [3] .
Results of semicentral idempotents in near-rings
For a near-ring R, an idempotent of R is an element e ∈ R such that e 2 = e. A near-ring R is called (Von Neumann) regular if for any element a ∈ R, there exists an element x in R such that a = axa. Such an element a is called regular. Also, R is called π-regular if for any element a ∈ R, there exists a positive integer n such that a n is regular. In these cases, ax, xa, a n x and xa n are all idempotents. A near-ring R is said to be left regular if, for each a ∈ R, there exists x ∈ R such that a = xa 2 . Right regularity is defined in a symmetric way. An idempotent e ∈ R is left semicentral in R if Re = eRe, an idempotent e ∈ R is right semicentral in R if eR = eRe in [2] , and an idempotent e ∈ R is central in R if er = re for all r ∈ R. An element a ∈ R is called nilpotent if a n = 0 for some integer n. A near-ring in which every idempotent is left semi-central (resp. right semicentral) is called left semi-central (resp. right semi-central). Also, a near-ring in which every idempotent is central is called central.
Throughout this paper, let R be a unitary near-ring. Also, we let S l (R) be a set of all left semicentral idempotents in R, and S r (R) be a set of all right semicentral idempotents in R. In addition, let C(R) be a set of all central idempotents in R We say that a near-ring R is called reduced if R has no nonzero nilpotent elements, that is, for each a in R, a n = 0, for some positive integer n implies a = 0. In ring theory, McCoy proved that R is reduced if and only if for each a in R, a 2 = 0 implies a = 0. At first, we introduce some basic properties of left or right regularity. Lemma 2.1. Let R be a left (or right) regular near-ring. If for any a, b ∈ R with ab = 0, then (ba) n = b0, for all positive integer n. In particular, ba = b0.
Proof. First, consider that R is left regular, and let for any a, b ∈ R with ab = 0.
(i) n = 1, for ba ∈ R, by left regularity, there exists x ∈ R such that ba = x(ba) 2 . From this equality, we obtain that ba = xbaba = xb0a = xb0 = xb0b = bab = bo. Thus the statement is true for n = 1.
(ii) Assume the statement is true for n = k, so (ba) k = b0. Then
Hence the statement with left regular case is true for all positive integer n. Next, similarly, we can prove this statement for right regular case.
Lemma 2.2. Let R be a left (or right) regular near-ring. If for any a, b ∈ R with ab = 0 and a n = a0, for all positive integer n ≥ 2. then a = 0. In particular, if for any a, b ∈ R with ab = 0 and a 2 = a0, then a = 0. In this statement, if R is zero-symmetric, then R is reduced.
Proof. First, consider that R is left regular, and let for any a, b ∈ R with ab = 0 and a n = a0, for all positive integer n ≥ 2. Then for a ∈ R, by left regularity, there exists x ∈ R such that a = xa 2 = xaa = x(xa 2 )a = x 2 a 3 = · · · = x n−1 a n = x n−1 a0. On the other hand, a0 = a n = aa n−1 = x n−1 a0a n−1 = x n−1 a0 = a. Hence a = a0 = a0b = ab = 0. Similarly, we can prove this statement for the right regular near-ring.
Corollary 2.3. Let R be a zero-symmetric left (or right) regular near-ring with ab = 0 for any a, b ∈ R. Then R is reduced. Now, we give easy characterizations of left semicentral and right semicentral conditions in a near-ring R.
Proposition 2.4. For an idempotent e ∈ R, the following conditions hold.
(1) e is left semicentral ⇔ ae = eae, ∀a ∈ R.
(2) e is right semicentral ⇔ ea = eae, ∀a ∈ R.
Proof. We prove (1) here. Then (2) can be proved analogously with (1) .
(1) (⇒) Let e ∈ R be left semicentral. Then for a ∈ R, ∃b ∈ R such that ae = ebe. Multiplying e to the left on both sides of the equation, we get eae = ebe. Thus, ae = ebe = eae.
(⇐) Let x ∈ Re. Then x = ae for some a ∈ R. Thus, x = ae = eae ∈ eRe and, Re ⊂ eRe. Similarly, eRe ⊂ Re. Proposition 2.5. Let e ∈ C(R). Then e ∈ S l (R) and e ∈ S r (R).
Proof. Let e ∈ B(R) and r ∈ R. Then ere = (er)e = (re)e = re and ere = e(re) = e(er) = er. Therefore, e ∈ S l (R) and e ∈ S r (R).
Finally, we state semi-central and central properties of zero-symmetric reduced near-rings. Proposition 2.6. Let R be a zero-symmetric reduced near-ring. Then R is right semi-central.
Proof. Let e be an idempotent element in R, and let x ∈ R. Then (ex−exe)e = 0, (ex−exe)ex = 0 and (ex−exe)exe = 0. By Theorem 5, ex(ex−exe) = 0 and exe(ex − exe) = 0. Hence (ex − exe) 2 = ex(ex − exe) − exe(ex − exe) = ex0 − exe0 = 0. Since R is reduced, ex − exe = 0, that is, ex = exe. Consequently, R is right semi-central.
From the analogous proof of the Proposition 6, we get the following statements: Proposition 2.7. Let R be a zero-symmetric reduced near-ring with unity. Then R is left semi-central.
Corollary 2.8. Let R be a zero-symmetric reduced near-ring with unity. Then R is central.
In the Corollary 8, (1) unity is essential, (2) reducibility is essential as following: Example 2.9. (1) Let R = Z 6 = {0, 1, 2, 3, 4, 5} be an additive integer group modulo 6 and define multiplication as follows: Corollary 2.10. Let R be a zero-symmetric left (resp. right) regular unital near-ring with ab = 0, for any a, b ∈ R. Then R is right (resp. left) semicentral.
